
Int. J. Therm. Sci. (2001) 40, 539–549
 2001 Éditions scientifiques et médicales Elsevier SAS. All rights reserved
S1290-0729(01)01242-X/FLA

Effects of multiple scattering and reflective boundary on
the transient radiative transfer process

Pei-feng Hsu
Mechanical and Aerospace Engineering Department, Florida Institute of Technology, Melbourne, FL 32901, USA

(Received 5 April 2000, accepted 28 August 2000)

Abstract—A time-dependent Monte Carlo method is developed for modeling the transient radiative transfer within absorbing and
scattering media. It is well known that the transmitted and reflected signal from a short-pulse incident radiation to the scattering
medium has very long, extended temporal spread. However, two important but yet to be clarified issues are: (1) the relative and
combined influences of the multiple scattering and reflective boundary on the transient radiative transfer process; and (2) the effect
of the incident temporal pulse width and pulse shape on the radiative transport. It is found that the pulse width and shape has little
effect on the transient radiative transport process when the pulse temporal width is much smaller than the pulse transmission time
through the one-dimensional slab. The stochastic simulation of time-of-flight of photon compares very well with the results obtained
by a recently developed Volterra integral equation formulation of the transient radiative transfer.  2001 Éditions scientifiques et
médicales Elsevier SAS
transient radiative transfer / Monte Carlo method / numerical solutions / reflective surface / scattering medium

Nomenclature

a absorption coefficient . . . . . . . . . . m−1

c propagation speed of radiation transport
in the medium . . . . . . . . . . . . . . m·s−1

d distance . . . . . . . . . . . . . . . . . . m
G incident radiation or integrated intensity W·m−2

H Heaviside unit step function

I radiation intensity . . . . . . . . . . . . W·m−2 ·sr−1

I0 radiation intensity at boundary z = 0 . . W·m−2 ·sr−1

j volume element index

k̂ unit vector in the z-direction
q radiative flux . . . . . . . . . . . . . . . W·m−2

R random number
s geometric path length . . . . . . . . . . m
ŝ unit vector along a given direction
t time . . . . . . . . . . . . . . . . . . . . s
z axial coordinate . . . . . . . . . . . . . m
z0 medium thickness . . . . . . . . . . . . m

Greek symbols

δ a small number or the Dirac delta function

E-mail address:phsu@fit.edu (P.-f. Hsu).

ζ dimensionless position or optical
coordinate = κz

η dimensionless time = κct

κ extinction coefficient = a + σ . . . . . . m−1

µ direction cosine
ρ surface reflectivity
σ scattering coefficient . . . . . . . . . . . m−1

τ optical thickness of the medium = κz0
Φ scattering phase function
Ω solid angle . . . . . . . . . . . . . . . . sr
ω scattering albedo = σ/κ

1. INTRODUCTION

The interests of transient radiative transfer have been
found in, for example, the study of light interaction in
living tissues [1], in microscale systems [2], pulsed laser
interaction with materials [3, 4]. Flock et al. [5] used
Monte Carlo (MC) method to study the fluence (the
time-integrated incident radiation) distribution. However,
they did not provide transient results for direct compar-
ison. Hasegawa et al. [6] used MC method to simulate
the transient light transmission through the living tis-
sue which was characterized by strong forward scattering
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phase function. The transient radiation transport inside
the medium was not presented and apparently not needed
for comparison with the measured reflected and transmit-
ted signals from the samples. The input radiation was as-
sumed to be an infinitesimal (a Dirac delta) pulse with
zero temporal width, i.e., all the photons were emitted at
the same time. This assumption would have induced er-
ror in the short time response of temporal transmittance
signal. Their results at larger time were correct as sim-
ilar results were obtained in this study and, as will be
shown later, the temporal width of the pulse has little ef-
fect on the long time transient response. Nevertheless, the
approximation can be avoided by simulating the emission
of each energy bundle at discrete time within a given fi-
nite time interval. Their MC solutions were subjected to
statistical fluctuations due to low bundle numbers in the
transmitted signal of optically thick sample. Similar sit-
uation was encountered in this study but minimized to
the extent that can be handled by the amount of computer
main memory. The beam size and detector size effect was
considered in their work but not in this study where plane
wave of incident radiation is assumed.

To gain a detailed knowledge of the pulse shape and
width effect, it is important to represent the real physics
as close as possible in the simulation. Furthermore, the
effect of pulse shape and width depend on the relative
magnitude of the wave propagation distance (ctp) within
the time scale of the pulse width (tp) and the slab
thickness (L), i.e., t∗ = ctp/L. In the cases examined
in this study, the ratio is quite low (t∗ < 0.05) and
it is expected that the pulse width effect on the long
time transmittance and reflectance is thus insignificant
compared with the case when this ratio is large (t∗ ≈ 1).
Recently Wu [7] examined the pulse propagation within
scattering media with the condition of t∗ ≈ 1, although
his work is not explicitly about the pulse shape/width
effect. He used an exact integral formulation to simulate
the transient radiative transport.

Brewster and Yamada [8] later conducted the transient
study using the same MC algorithm used by Hasegawa
et al. [6] which, in turn, was based on the work of Wil-
son and Adam [9]. They examined various effects, i.e.,
albedo, optical thickness, anisotropic scattering, and the
detector size, on the reflected and transmitted temporal
signals. The results agreed well with the diffusion ap-
proximation in the long time time-resolved signals from
optically thick media.

Rackmil and Buckius [10] used an adding-doubling
technique to study the transformed transient radiative
transfer equation. Their results did not include the op-
tically thick medium which is typical in living tissues.

The solution technique is difficult to extend to multi-
dimensional media and this limits its applicability in
complex geometry problems.

In a detailed review of the various models of the tran-
sient radiative transfer by Mitra and Kumar [11] it was
reported that the scattered, reflected and transmitted sig-
nals possess the multiple scattering induced temporal sig-
nature that persists for time periods greater than the du-
ration of the source pulse and is a function of the source
pulse width, the scattering and absorbing properties of the
medium, and the location in the medium where the prop-
erties undergo changes. This variation of the signal with
time is an additional parameter to gain radiative property
information of the participating medium. Ishimaru [12]
discussed the pulse wave transport within the random dis-
tribution of scattering particles.

Much of the attention of the prior investigations fo-
cused on the light interactions with the tissues which
are characterized by large extinction coefficient and very
high scattering albedo (ω ∼ 1). It is interesting to know
whether similar laser pulse interactions within intermedi-
ate optical thickness materials can be found as in the opti-
cally dense tissues. The MC algorithm used in this work,
even though only the isotropic scattering phase function
was considered, can examine the highly forward scatter-
ing if the effective absorption and scattering coefficients
are used instead [13]. Nevertheless, implementing an
anisotropic scattering phase function is rather straightfor-
ward with the Monte Carlo method. Since most existing
work only deals with optically thick media within which
the intensity distribution behaves diffusely, an isotropic
scattering phase function should adequately describe the
scattering phenomena in such media without loss of fi-
delity.

An important issue of pulse transport inside the me-
dium is the relative influence of the multiple scatter-
ing and reflective boundaries. In the existing literature,
only a few studies have considered the reflective bound-
ary effect (for example, Aronson [14], Pomraning and
Ganapol [15], Zhu et al. [16]). However, these are based
on the diffusion approximation. The temporal spread of
the output signals was generally considered to be caused
by the multiple scattering only. If the boundary surface is
reflective, then the multiple reflections and partial trans-
missions at the surfaces may also contribute to the tempo-
ral spread. Since the participating media of interest typ-
ically have a refractive index greater than one, surface
reflection is bound to occur [15]. Considering a multi-
dimensional geometry with a fraction of its boundary be-
ing reflective, the temporal spread of the output signals
will be complicated by the reflection and cannot be ad-
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equately described by the multiple scattering alone. Be-
cause no existing model has treated the reflective surface
accurately, the exact quantification of its influence is still
needed. To avoid the unnecessary complexities, this study
will only consider one-dimensional geometry with both
boundaries having equal specular reflectivity.

The motivation of the current study is to gain a fun-
damental understanding the unique features of transient
radiation (especially with the short pulse as the incident
source) and its interaction with the participating medium.
In the prior MC simulations of the transient processes, di-
rect comparisons with the exact solutions were not avail-
able. In fact, all these transient MC simulations implic-
itly assumed that the MC results were accurate within
the statistical error. However, it has been known that dif-
ferent implementations of the MC technique could lead
to large difference in the solutions for the same prob-
lem [18]. The rigorous verification is therefore needed,
even for the Monte Carlo method. A recently developed
Volterra integral equation formulation of the transient ra-
diation by the author [19] provides high order accuracy
solutions which were used to compare and verify the cur-
rent implementation of the Monte Carlo algorithm.

2. A MONTE CARLO ALGORITHM OF
THE TRANSIENT RADIATIVE
TRANSFER

The transient radiative transfer of the radiative inten-
sity in direction ŝ is given by [17, 20, 21]

∂I (z, ŝ, t)

c∂t
+ ∂I (z, ŝ, t)

∂z

= −κI (z, ŝ, t) + σ

4π

∫
Ω ′=4π

I
(
z, ŝ′, t

)
Φ

(
ŝ′, ŝ

)
dΩ ′

(1)

The transport equation is an integro-differential type. The
left-hand side is the hyperbolic wave equation. The emis-
sion term on the right-hand side is not considered as the
medium under consideration is cold and its temperature
distribution is not affected by the small amount of inci-
dent radiation energy. It is further assumed that the radia-
tive properties of the medium and boundary remain un-
changed during the transient process. The analytical so-
lution of equation (1) is difficult to obtain. Recently, Tan
and Hsu [19] derived an integral formulation of the trans-
port equation. The resulting Volterra integral equation
can be solved with many existing quadrature schemes.
The integral formulation avoids the difficulty encoun-
tered by the differential treatment when dealing with the

collimated incident radiation, i.e., the discontinuity at the
wave front [22]. In this study, a stochastic approach using
the Monte Carlo method is adopted to solve equation (1).

The Monte Carlo algorithm implemented in this study
is based on the work by Fleck [23] with modifications
to improve the computational efficiency and extensions
to handle reflective boundaries and collimated incident
radiation. Only the salient features are described herein.
In-depth discussion of the algorithm can be found in
Fleck [23] and Siegel and Howell [17]. The problem un-
der consideration is the transient radiative transfer within
a one-dimensional absorbing and scattering slab with ei-
ther transparent or specularly reflective boundaries. The
incident plane wave can be a temporal step function, a
square pulse, or a Gaussian pulse with finite temporal
width. The incidence can be diffusive or collimated.

In the MC algorithm each energy bundle’s local po-
sition, time, and travel direction are recorded. Detailed
information of incident intensity and radiative flux distri-
bution and history are maintained. This will provide more
physical insights than only calculating the transmittance
and reflectance and also allows the coupling with the en-
ergy equation if necessary.

2.1. External radiation

The external radiation applied at z = 0 will enter into
the medium and start the emission of energy bundles.
For all cases considered in this study, the incident radi-
ation source is unpolarized and incoherent. For reflec-
tive boundary, the energy emitted at z = 0 will equal
the portion of external radiation that is refracted into the
medium. At the nth time step, the energy bundle starts its
trajectory at the location and time of

z = 0 + δ (2)

and

t = (n − 1 + Rt )#t (3)

where δ is a small number and R is the random number.
The subscript associated with R distinguishes different
random number. Equation (3) allows the energy bundles
to emit uniformly in a given time step and each bundle
is emitted at different time. Depending on the externally
applied radiation is diffuse or collimated, the bundle will
start the trajectory at a direction (µ) determined by the
cumulative distribution function [17].
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2.2. Energy bundle trajectory

At the current position and time (z, t) of each bundle,
three distances are calculated:

db =




(j + 1)#z − z

µ
, if µ ≥ 0

z − j#z

−µ
, if µ < 0

(4)

ds = − lnRd

κ
(5)

dc = c
[
(n + 1)#t − t

]
(6)

db is the distance to the nearest mesh boundary. The j

index in equation (4) is the volume element where the
bundle is located. ds is the distance to the next particle
interaction event which may be scattering or absorption.
dc is the distance to census time, i.e., the distance that the
bundle will travel until it reaches the next time step. All
three distances are positive. After these are calculated,
the shortest distance is chosen to follow. Physically,
the shortest distance means the event will occur before
the other two. Since many repetitive calculations of
the distances are required, the algorithm needs to have
some check mechanisms to avoid division by zero. These
additional mechanisms take up computational time. After
each event, the position, time, and location of the energy
bundle are updated [23].

To tally the energy bundles that reach the next time
step (i.e., when dc is the smallest distance) before any
particle interactions, the information of these bundles
(position, travel time, direction) has to be stored and
used as the starting points at the next time step. These
bundles are called the census (or accumulated) bundles.
At the beginning of each time step the census bundles,
if there is any, are first treated and then the emission of
new bundles. The amount of memory needed for tracking
the bundles is three two-dimensional arrays with each
corresponding to the position, time, and direction of the
census bundles. Each array has the first dimension be
large enough to accommodate the maximum number of
census bundles, which is set to be 107. This dimension
is limited by the computer system memory. The second
dimension is 2 as only two successive time steps are
required for tallying purpose. Due to the census arrays
used, the memory requirement is quite high as compared
with the steady state algorithm or other transient MC
algorithm where the transport process within the medium
is not of interest, e.g., Brewster and Yamada [8] and
Hasegawa et al. [6]. In the latter case only the transmitted
and reflected bundles were recorded. If the detailed
record of bundles’ travel history within the medium is

not needed then the memory requirement will be much
lower.

The calculation of db is not needed if the medium
is homogeneous, i.e., uniform radiative properties. For
nonhomogeneous medium the property distribution is
assumed to be piecewise constant within each volume
element. For every mesh boundary crossing (when db is
the smallest) the following adjustment is made:

d ′
s = (ds − db)

κj

κ ′
j

(7)

where κ ′
j is the extinction coefficient of the next volume

element.

At each time step, two functions are calculated based
on the census bundles’ information. First, G(z, t) is
the incident radiation or direction-integrated intensity
defined as

G(z, t) =
∫

4π
I (z, ŝ, t)dΩ (8)

and q(z, t) is the full-range radiative heat flux,

q(z, t) =
∫

4π
I (z, ŝ, t) cos(ŝ, k̂)dΩ (9)

The G and q functions are integrated at each time step for
all volume elements to obtain their temporal and spatial
distributions. The G function at each time step is obtained
by tallying the number of energy bundles falling into each
volume element and multiplying the energy per bundle.
The q function integral is performed similarly except
the additional multiplication with the cosine. Since in
many situations the q responses are very similar to those
of G and for brevity, only the G results are presented
for discussion. In all calculations, the intensity of the
external radiation is normalized to one. The position z

is normalized to ζ = κz. The time t is normalized to
η = κct . The optical thickness of the medium is τ = κz0.
For one time step (#η), the radiation wave front travels
one mesh size distance (#ζ ).

3. RESULTS AND DISCUSSION

3.1. Verification of Monte Carlo solution

To verify the Monte Carlo algorithm used in this study,
the results of cases 1, 2, and 3 (see definitions in table I)
are compared with the same cases in Tan and Hsu [19] in
which accurate transient solutions were obtained. These
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TABLE I
Boundary and physical conditions of verification cases.

Case Boundary 1 Medium property Boundary 2
z = 0 z = z0

1 diffuse emission homogeneous non-reflection
I (0, ŝ, t) = I0H(t) τ = 1, ω = 0.5 ρ = 0

ρ = 0

2 diffuse emission homogeneous specular reflection
I (0, ŝ, t) = I0H(t) τ = 1, ω = 0.5 ρ = 1

ρ = 0

3 collimated radiation homogeneous non-reflection
I (0, ŝ, t) τ = 1, ω = 0.5 ρ = 0
= I0H(t)δ(1 − ŝ · k̂)

ρ = 0

TABLE II
RMS error of the Monte Carlo solutions of case 1.

Energy bundle number RMS error of RMS error of
per time step G(z/z0 = 0.005, t) q(z/z0 = 0.005, t)

1·104 4.4·10−3 9.1·10−3

3·104 2.6·10−3 3.3·10−3

5·104 2.5·10−3 2.7·10−3

7·104 2.0·10−3 2.3·10−3

Figure 1. Incident radiation as a function of time at different
location (case 1).

cases have the Heaviside unit step function as the tran-
sient input at the boundary z = 0 with normalized inci-
dent diffuse or collimated intensity equal to 1. A rigorous
test of the number of energy bundles needed in each time
step of case 1 is shown in table II. For the step function
boundary condition, it was determined that 3·104 energy
bundles per time step was the best compromise among
the accuracy, memory, and computational time require-

(a)

(b)

Figure 2. (a) Incident radiation as a function of time at different
location (cases 1 and 2). (b) Radiative flux as a function of time
at different location (cases 1 and 2).

ments. It should be noted that using 7·104 boundary emis-
sion bundles per time step the number of the census bun-
dles at later time steps could reach as high as 107 and
it takes about 3 hours to complete a simulation. Because
of tallying the bundle’s travel history at successive time
steps inside the medium as described above, the memory
requirement was quite high — about 250 MB with 7·104

bundles per time step. All calculations were conducted on
a 633 MHz 21164A Alpha processor PC. Table IIdemon-
strates the consistence of the MC algorithm. Similar root-
mean-square (RMS) error trend was also observed for the
cases of reflective boundary (case 2) and collimated in-
cidence (case 3). Figures 1–3show the good agreement
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Figure 3. Incident radiation as a function of time at different
locations (case 3).

between the MC solutions and the integral equation solu-
tions. Detailed discussion of the wave characteristics and
the integral equation formulation are given in Tan and
Hsu [19]. The verifications of the three cases ensure MC
solutions of all different boundary conditions (diffuse and
collimated external radiation, and reflective surface) are
correct.

3.2. Scattering albedo

The influence of scattering albedo is examined in two
optical thicknesses.

3.2.1. Intermediate optical thickness

In figure 4, with τ = 1 and transparent (or cold black)
boundaries, the effect of scattering albedo strongly dom-
inates the time response right after the pulse. Larger
albedo increases the G values at both long time, fig-
ure 4(a), and short time responses, figure 4(b). Similar
trends are observed in the radiative flux responses but not
shown for brevity. Large albedo promotes stronger multi-
ple scattering interactions of photons with the participat-
ing medium and, hence, produces stronger tail behind the
pulse.

The calculation starts from t/#t = 0 and continues
up to t/#t = 500 but only t/#t = 0 to 300 is shown
in figure 4. For the given conditions and at t/#t = 300
the transient response curves have the similar “asymp-
totic log slope” described by Brewster and Yamada [8],
i.e., the time resolved curves of transmittance and re-
flectance have slope equal (1 − ωI) which is based on

(a)

(b)

Figure 4. Effect of scattering albedo. Cases A1, A2, and A3
have ρ = 0, τ = 1, and Gaussian pulse incidence. (a) Effect
of scattering albedo on the time response curve of incident
radiation inside the medium of intermediate optical thickness.
(b) The temporal response ofG at z/z0 = 0.995 before the pulse
exiting the medium.

diffusion approximation. ωI is an effective isotropic scat-
tering albedo to account for the anisotropic scattering ef-
fect. Although the slope of the time response curve of G

varies with different albedo but to a lesser degree than the
reflectance curve of a semi-infinite slab with large opti-
cal thickness described in Brewster and Yamada [8]. It
is found that the simple relation above to predict the log
slope is not applicable in the intermediate optical thick-
ness. At long time close to steady state the G distribution
inside the medium becomes symmetric with respect to
the mid-plane of the slab as shown in the case A3 curves
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TABLE III
Physical conditions of test cases with temporal-Gaussian collimated incidence.

Case Albedo, ω Surface reflectivity, ρ Optical thickness, τ Pulse shape and width
A1 0.1 0 1 Gaussian, 5#η

A2 0.5 0 1 Gaussian, 5#η

A3 0.9 0 1 Gaussian, 5#η

A4 0.9 0.5 1 Gaussian, 5#η

A5 0.9 0.9 1 Gaussian, 5#η

B1 0.9 0 0.1 Gaussian, 5#η

B2 0.9 0 15 Gaussian, 5#η

B3 0.9 0 30 Gaussian, 5#η

B4 0.998 0 30 Gaussian, 5#η

B5 1 0 10 Gaussian, 5#η

C1 1 0 10 square, #η

C2 0.9 0 10 square, #η

C3 1 0.9 10 square, #η

C4 1 0.5 10 square, #η

of figure 4(a). This indicates the transmittance and re-
flectance values at long time are equal. Figure 4(b)shows
that larger scattering albedo increases the after-pulse G

values. The multiple scattering has the dominant effect
of the temporal response.

3.2.2. Large optical thickness

The study of large optical thickness is of interest since
the living tissues have large scattering coefficient. For a
typical sample size of several centimeter thickness, the
optical thickness could be in the order of 10 or greater.
To simulate the multiple scattering in such media, only
large albedo was considered and the results are given
in figure 5. It is evident that at large optical thickness,
a moderate increase of ω from 0.9 (a very large albedo
already) to 0.998 can cause significant increase in the
transient response of G function. With albedo close to 1,
there is little loss of energy bundles due to the absorption.
Most of the loss is caused by the bundles scattered out
of the slab. In addition, for both cases B3 and B4 very
significant multiple scattering causes the temporal signal
at large z positions to increase with the time and reach
a peak value at long time (see B3 curve at z/z0 =
0.495). The large albedo in optically thick media will
keep more photons inside the materials and take longer
to reach steady state, i.e., the temporal spread of the
signal after the pulse passes through the medium will be
larger.

Due to the low signal level, the B3 curve at z/z0 =
0.995 is not shown in figure 5. This is because very few
bundles can pass through the optically thick medium,

Figure 5. Effect of scattering albedo on the time response
curve of incident radiation inside the medium of large optical
thickness. Cases B3 and B4 have ρ = 0, τ = 30, and Gaussian
pulse incidence.

which has some amount of absorption. Furthermore, very
significant fluctuations are observed in the B3 curve
at z/z0 = 0.745 as well as the long time responses at
smaller z positions. Such fluctuations were also found
in other MC simulations, e.g., Hasegawa et al. [6] and
Brewster and Yamada [8]. The remedy is to increase
the number of energy bundles at the emission. This was
not possible in this study as the memory storage for
census bundles arrays had reached the system memory
limit of 256 MB RAM. For the pulsed radiation input,
the total number of emission energy bundles used in
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Figure 6. Effect of pulse width and shape. Cases B5 and C1
have ρ = 0, τ = 10, and ω = 1.

the simulation was about 107 and the number of census
bundles is close to this number for large ω and τ

medium. Nevertheless, even with the fluctuations the
MC simulation retains the main characteristics of the
temporal response. An alternative is to use the reverse
Monte Carlo technique to reduce the computational time
and memory usage if only the solutions at specified time
and location are needed.

3.3. Pulse width and shape

Two types of pulsed incidence are compared: (1) en-
ergy bundles were emitted uniformly within a square
pulse that has temporal width of 1 time step; and
(2) a Gaussian pulse with pulse width of 5 time steps.
The square wave is formed by two sequential Heaviside
unit step functions. Equal amount of energy and approxi-
mately the same total number (107) of energy bundles are
emitted in either pulse. In figure 6very little effect, except
the short time response right after the pulse, can be seen
in the G distribution for two different pulse widths and
pulse shapes. The long time response is not shown in the
figure since the two cases (B5 and C1) are nearly identi-
cal. This is consistent with the energy balance require-
ment since the same amount of energy is entering the
same material, any residual effect after the pulse leaves
the material should be identical. The long time C1 curves
are presented in figure 7. The pulse height of C1 is taller
than that of B5 since the same amount of radiative energy
is deposited in a shorter time interval (#η versus 5#η).

Figure 7. Effect of scattering albedo on the time response
curve of incident radiation inside the medium of large optical
thickness. Cases C1 and C2 have ρ = 0, τ = 10, and square
pulse incidence.

Figure 7shows the effect of albedo at optical thickness
τ = 10. It has similar G distributions as shown in
figure 5 (τ = 30) even though the input pulse shape
and width are different. Comparing these two figures, it
again confirms that the pulse shape and width have little
effect on the transient transfer process. The long time
responses of C1 at different z positions clearly show the
symmetric distribution within the slab as the A3 curves in
figure 4(a). This indicates equal value of reflectance and
transmittance will be measured at long time after pulse
leaves the medium.

3.4. Surface reflectivity

Since the interest is to examine the transient interac-
tion within the medium, the simulation is based on the
same amount of radiative energy being deposited inside
the medium. For the reflective boundary, this means more
incidence energy (external to the medium) is applied to
account for the reflection loss (1 − ρ) at the incidence
surface, i.e., z = 0.

To improve the model, the Fresnel reflection relation
can be used. However, the main interest is to demonstrate
the frequently overlooked effect of reflective surface on
the photon propagation within the medium and, thus, the
output radiative signatures. Using the Fresnel reflectivity,
which is straightforward in the current MC algorithm,
will not add much to the results.

In a transient radiative transport process, the tradi-
tional definitions of reflectance and transmittance (which
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Figure 8. Effect of surface reflectivity at intermediate optical
thickness. Cases A3–A5 have ω = 0.9, τ = 1, and Gaussian
pulse incidence.

are based on the ratio of output flux to input flux) may not
be suitable when the incident energy is contained within
a temporal pulse. This should be considered when report-
ing reflectance and transmittance data either from mea-
surement or from simulation. The surface reflectivity ef-
fect is also examined in two optical thicknesses.

3.4.1. Intermediate optical thickness

Figure 8 depicts the transient responses at two z po-
sitions of τ = 1. With the cold and black (or transpar-
ent) boundaries, the case A3 curves monotonically de-
crease to small magnitude at long time. On the other
hand, when the boundaries become reflective (case A4,
ρ = 0.5), the attenuated pulse remains inside the medium
and persists for a long time. The pulse shape and width
stay the same even at long time. With highly reflective
boundary surfaces (case A5, ρ = 0.9) the pulse is ba-
sically bounced back and forth inside with little loss of
energy. At long time the highly reflective surfaces of the
medium will keep more residue energy than the less re-
flective or transparent surface. The A4 and A5 curves in-
dicate that it takes longer time to reach steady state than
the non-reflective case. Because of the distinctive pulse
shape after the reflection, the information may be used to
infer slab thickness and/or extinction property. It appears
that the long time slope correlates to the reflectivity, i.e.,
larger ρ curve has smaller slope in the long time. A more
extensive study is needed to find the correlation.

Figure 9. Effect of surface reflectivity at large optical thickness.
Cases C1, C3, and C4 have ω = 1, τ = 10, and square pulse
incidence.

3.4.2. Large optical thickness

Figure 9 is the result with τ = 10 and ω = 1. It is
interesting to note that the visible pulse shape in figure 8
disappears in the optically thick and strong scattering
medium. First, the strength of pulse is attenuated more
due to larger τ . Secondly, the pulse is masked by the
stronger multiple scattering effect. Therefore, the pulse
is not visible. Nevertheless, the surface reflectivity effect
is just as evident as the lower optical thickness case.
The G distributions of C3 and C4 have not reached the
symmetric profile at t/#t = 500 as does the case C1.
This indicates that for reflective boundary it takes longer
time to reach steady state and the temporal spread of the
transmittance signal will also last much longer.

The existing energy bundles (and thus, the reflectance
and transmittance) will be affected by the surface reflec-
tivity in either intermediate or large optical thickness me-
dia. It becomes critical in the interpretation of the mea-
sured transmittance and reflectance if the surface prop-
erty is unknown. The neglect of the surface reflection
will result measurement of larger reflectance and trans-
mittance values.

3.5. Optical thickness

Brewster and Yamada [8] had examined this effect on
the media with τ ≥ 10. For completeness, wider range
of optical thickness is considered in this study. Figure 10
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Figure 10. (a) Effect of optical thickness. The cases have ω =
0.9, ρ = 0, and Gaussian pulse incidence. (b) Effect of optical
thickness. The cases have ω = 0.9, ρ = 0, and Gaussian pulse
incidence. Only the time response curves at z/z0 = 0.995 are
shown.

contains the variation of optical thickness from 0.1 up to
30 with ω = 0.9. The G distributions are quite different
for cases with τ ≤ 1 and cases with τ ≥ 10. For the
large optical thickness cases at larger z position, the
G temporal distribution curves have a maximum value
after the pulse (see figure 10(a)). The smaller optical
thickness cases do not have such characteristic. This can
be explained by the difference in the effect of scattering
in conjunction with optical thickness. For case A3 and
B1, more photons can travel through the medium with
few scattering events. Therefore, the tail portion (after
the pulse) of the G curve stays at relatively large value

compared with cases B2 and B3. For the latter cases, most
photons are being absorbed or scattered out in the small z
region. For the remaining photons that do penetrate deep
into the medium, they meet with strong scattering effect,
which causes the peak in the tail portion of the G curve
after the pulse passes through the medium. Since far
fewer photons will be able to penetrate into the medium,
the overall G distribution has smaller magnitude.

Figure 10(b)shows the immediate G values following
the pulse at position of z/z0 = 0.995. The G values at
pulse peaks are attenuated exponentially according to
the optical thickness. Right after the pulse, the G value
of case B1 (τ = 0.1) is actually less than that of case
A3 (τ = 1). Such behavior is contrary to the steady
state measurement where the small τ medium will have
less attenuation and larger transmittance signal. The
larger after-pulse G value of A3 is due to the stronger
scattering effect. For much larger optical thickness of
B2, the overall G curve is attenuated to a much greater
extent as explained above. Therefore, its G curve stays
lower.

4. CONCLUSIONS

The Monte Carlo simulations are conducted for tran-
sient radiative transfer process within the absorbing, scat-
tering, and non-emitting participating media. The results
for incident intensity in the medium with different bound-
ary conditions are presented. Various effects, including
the scattering albedo, pulse shape and width, surface re-
flectivity, and optical thickness, are examined regarding
their influences on the distribution and history of inte-
grated intensity. It is shown that the scattering albedo is
the most important factor for intermediate to large optical
thickness media. For large optical thickness media, the
high scattering albedo will cause a peak in the temporal
response of the incident radiation function. The surface
reflectivity can have significant impact on the radiative
energy distribution during the transient process and needs
to be considered in the interpretation of the measured
reflectance and transmittance signals. For the conditions
considered in this study, the pulse shape and pulse width
have little influence on the transient process except the
short time after the pulse. The Monte Carlo algorithm can
be extended to treat the medium with non-uniform radia-
tive property distribution and multi-dimensional geome-
try. Such situation is typical in many engineering appli-
cations. The simulation of the short pulse transport inside
the nonhomogeneous media will be considered in the im-
mediate future.
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